HEIGHT ZETA FUNCTIONS OF TORIC VARIETIES 



VICTOR V. BATYREV AND YURI TSCHINKEL 



Abstract. We investigate analytic properties of height zeta func- 
tions of toric varieties. Using the height zeta functions, we prove an 
asymptotic formula for the number of rational points of bounded 
height with respect to an arbitrary line bundle whose first Chern 
class is contained in the interior of the cone of effective divisors. 
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1. Introduction 



Let X be a d-dimensional algebraic variety defined over a number 
field F. Denote by £ = (i^, {|| ■ ||t,}) a metrized line bundle on X , 
i.e. a line bundle L together with a family of f-adic metrics, where v 
runs over the set Val(F) of all valuations of F. For any locally closed 
algebraic subset F C X we denote by Y{F) the set of F-rational points 
in Y. A metrized line bundle C defines a height function 

He : X{F) R>o. 

Assume that a subset Y <Z X and a bundle L are choosen in such a 
way that 

N{Y, £, B) := #{x G Y{F) \ Hc{x) < B} < oo 

for all B G R>o (e.g., this holds for any F C X if L is ample). Then the 
asymptotic behavior of the counting function N[Y, C, B) as B ^ oo is 
determined by analytic properties of the height zeta function Z(Y,C, s) 
defined by the series 

Z{Y,C,s):= J2 Hcix)-' 

xGY(F) 

which converges for Re(s) ^ 0. More precisely, one has the following 
Tauberian statement: 

Theorem 1.1. [0 Assume that the series Z{Y, C, s) is absolutely con- 
vergent for Re(s) > a > and that there exists some positive integer b 
such that 

Z{Y,C,s) = /^^ + h{s) 
(s — a)" 
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where g{s) andh{s) are functions holomorphic in the domain'Re{s) > a 
and g{a) 7^ 0. Then the following asymptotic formula holds: 



Definition 1.2. Denote by NS{X) be the Neron-Severi group of X 
and by NS{X)-£i = NS{X) ® R. The cone of effective divisors of X is 
the closed cone Acs{X) C NS{X)ii generated by the classes of effective 
divisors. 

Let [L] G NS{X) be the first Chern class of L. Denote by ICx = 
{Kxi {II • 111)}) the metrized canonical line bundle on X. 

Definition 1.3. Let L be any line bundle on X. Define 



One of our main results in this paper is the following theorem: 

Theorem 1.4. Let T he a d-dimensional algebraic torus over a number 
field F , X a smooth projective toric variety containing T as a Zariski 
open subset, and C a metrized line bundle on X {with the metrization 
introduced m 0). Assume that the class [L] is contained in the interior 
of the cone of effective divisors. Then the height zeta function has the 
following representation: 



where g{s) and h{s) are functions holomorphic in the domain Re(s) > 
a{L), g[a{L)) ^ 0, and b{L) is the codimension of the minimal face of 
Aefr(X) which contains the class a{L)[L] + [Kx]- 

Corollary 1.5. We have the following asymptotic formula 



The paper is organized as follows: 

The technical heart of the paper is contained in Section 2, where 
we investigate analytic properties of some complex valued functions 
related to convex cones. 

In Section 3, we review basic facts from harmonic analysis on the 
adele group of an algebraic torus. 

In Section 4, we recall the terminology from the theory of toric va- 
rieties as well as the definition and main properties of heights on toric 
varieties. 




a{L) := inf{a G R | a[L] + [Kx] G Aeff(X)}. 




N{T,C,B) 
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In Section 5, we give the proof of |1.4| . We remark that the most 
subtle part in the statement of is the nonvanishing of the asymptotic 
constant g{a{L)) ^ 0. 



2. Technical theorems 

Let / and J be two positive integers, R[s,t] (resp. C[s,t]) the 
ring of polynomials in / + J variables si, . . . , s/jti, ... ,tj with co- 
efficients in R (resp. in C) and C[[s,t]] the ring of formal power series 
in Si, . . . , S/, ti, . . . , tj with complex coefficients. 

Definition 2.1. Two elements /(s,t), (7(s, t) G C[[s,t]] will be called 
coprime, if g.c.d.{f{s,t), g{s,t)) = 1. 

Definition 2.2. Let /(s,t) be an element of C[[s,t]]. By the order oi 
a monomial ■ ■ ■ s^'ti^ ' ' 'tj'' "we mean the sum of the exponents 

«i H \- aj + (3i-\ \- /3j. 

By the multiplicity yu(/(s, t)) of f{s,t) at = (0, . . . , 0) we always 
mean the minimal order of non-zero monomials appearing in the Taylor 
expansion of /(s, t) at . 

Definition 2.3. Let /(s,t) be a meromorphic at function. Define 
the multiplicity /i(/(s, t)) of /(s, t) at as 

/^(/(s. t)) = yu(^i(s, t)) - /i(^2(s, t)) 

where gi{s,t) and g2{s,t) are two coprime elements in C[[s, t]] such 
that / = gi/g2. 

Remark 2.4. It is easy to show that for any two meromorphic at 
functions /i(s,t) and /2(s, t), one has 

(i) ■ = + /i(/2) (in particular, one can omit "coprime" 
in Definition p. 3D ; 

(ii) /i(/i + /2)>min{^(/i),/x(/2)}; 

(iii) M/i + /2)=M/i) ifM/2)>M/i)- 

Using the properties |2.4| (i)-(ii), one immediately obtains from Defi- 
nition |2]^ the following: 

Proposition 2.5. Let /i(s, t) G C[[s, t]] and /2(s) G C[[s]] be two 
analytic at functions, /(s) G R[s] a homogeneous linear function in 
the variables si, . . . , s/, 

7 = (7',7'') = (7i,---,7/,7l,---,7S)eC^+^ 
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an arbitrary complex vector with I {j^) ^ 0, andg{s,t) := /i(s, t)//2(s). 
Then the multiplicity of the function 

^(s, t) := j g{s + z-Y,t + z- 7'^) U=-Ks)/i(70 

at is at least ii{g) — k, if 

/2(s + 2;-7-^)|^=_i(s)/i(y) 

is not identically zero. 

Let r C Z^+'^ be a sublattice, Tr C R^+-^ (resp. Tc C C^+'^) 
the scalar extension of F to a R-subspace (resp. to a C-subspace). 
We always assume that Fr fl R>o'^ = and Fr fl R'^ = 0. We set 
Pr := R''^"'""^/Fr and Pc := C^^"'/Fc- Let vr^ be the natural projection 
C''^"'"'' — > C^. Denote by %l) (resp. by ip^) the canonical surjective 
mapping C^+-^ ^ Pc (resp. ^ CV7r^(Fc)). 

Definition 2.6. A complex analytic function 

/(s,t) = /(si,...,s,,ti,...,tj):[/^C 

defined on an open subset U C C^"'"'^ is said to descend to Pc if /(u) = 
/(u') for aU vl,vl eU with u - u' G Fc. 

Remark 2.7. By definition, if /(s, t) descends to Pc, then there exists 
an analytic function g on ip{U) C Pc such that / = g o ip. Using 
Cauchy-Riemann equations, one immediatelly obtains that / descends 
to Pc if and only if for any vector a e Fr and any u = {ui, . . . , wj+j) G 
U such that u + ia E U, one has 

/(u + m) = /(u). 



Definition 2.8. An analytic function /(s, t) in the domain Rc(s) G 
R^Q, Re(t) G R>_5o (for some 60 > 0) is called good with respect to F 
and the set of variables {si, s/} if it satisfies the following conditions: 

(i) /(s,t) descends to Pc; 

(ii) There exist pairwise coprime linear homogeneous polynomials 

li{s),... ,lp{s) G R[si,... ,si] 

and positive integers ki, . . . ,kp such that for every j G {1, . . . ,p} the 
linear form lj{s) descends to Pc, lj{s) does not vanish for Re(s) G R>0) 
and 

g(s,t)=/(s,t)-n/;^(s) 
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is analytic at 0. 

(iii) There exists a nonzero constant C{f) and a homogeneous poly- 
nomial qo{s) of degree fi{q) in variables Si, . . . ,si such that 

g(s,t) = go(s) + gi(s,t) 

and 



C(/)-A^A(,)(^^(s)), 



where gi(s, t) is an analytic function at with > fi{qo), both 

functions go, Qi descend to Pc, and Aa(/) is the A'-function of the cone 
A(/) = i^^Rio) C ^\R^) (see Definition 



Remark 2.9. Let q{s,t) be an arbitrary analytic at function. Col- 
lecting terms in the Taylor expansion of q, we see that there exists a 
unique homogeneous polynomial go(s,t) and an analytic at function 
gi(s, t) such that 

g(s,t) = go(s,t) + gi(s,t) 

with = yu(go) < In particular, the polynomial go and the 

function gi in ^]8| are uniquely defined. 

Definition 2.10. If /(s, t) is good with respect to F and the set of 

variables {si, S/} as above, then the meromorphic function 

go(s) 



n^=i?(s) 

will be called the principal part of /(s,t) at and the constant C{f ) 
the principal coefficient o//(s, t) at 0. 

Suppose that dim^^lO) > 2. Let 7 = (7^,7-^) G Z^+-^ be an 
element which is not contained inF, F := F©Z < 7 >, : = 
Fr©R < 7 >, Pr := R^+'^/Fr and Pc := C^+-^/fc. We assume that 
f n R^ = and Fr n Rg^*' = 0. We denote by (resp. by ^■^) the 
natural projection C^"'""' Pc (resp. C^/7r^(Fc)). 

The following easy statement will be helpful in the sequel: 

Proposition 2.11. Let /(s, t) be an analytic at function, l{s) G R[s] 
a homogeneous linear function such that l{'~f^) 7^ 0. Assume that /(s, t) 
and l{s) descend to Pc- Then 



descends to Pc- 
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Theorem 2.12. Let /(s, t) be a good function with respect to F and 
the set of variables {si, ...,si} as above, 

n ^fi^) 

j : lj{'y')=0 

the product of those linear forms lj{s) (j G {1, . . . ,p}) which vanish on 
. Assume that the following statements hold: 

(i) The integral 

/(s,t):=-^/ /(s + ^-7^t + z-7'^)d^, zee 

2,TXl JRe(2)=0 

converges absolutely and uniformly to a holomorphic function on any 
compact in the domain Re(s) e R^o; Re(t) e 

(ii) There exists 5 > such that the integral 

/ $(s) • /(s + z ■ 7^ t + 2; ■ -i^)dz 
2m Jrc(z)=5 

converges absolutely and uniformly in an open neighborhood ofO. More- 
over, the multiplicity of the meromorphic function 

/5(s,t):=-^/ f{s + z-^)dz 

2m JRe{z)=S 

at is at least 1 — dimip^CR,^); 

(iii) For any Re(s) G R>q and Re(t) G R^.^^, one has 

lim ( sup |/(s + 2;-7^,t + 2;-7-^)| ) =0. 

Then /(s) is a good function with respect to T and {si, ...,si}, and 
C{f) = C{f). 

Proof. By our assumption on F, 7^ 7^ 0. We can assume that /j(7^) < 
for j = 1,... ,pi, lj{j^) = for j = pi + 1, . . . ,p2, and lj{j^) > for 
J = P2 + 1, • • • ,P- In particular, one has 

j=pi+i 

where kj (j = pi + 1, . . . ,^2) are some positive integers. Denote by zj 
the solution of the following linear equation in z: 

/,-(s) + 2;/,(70 = 0, j = l,... ,pi. 

Let U be the intersection of R>o'^ with an open neighborhood of 
such that $(s) ■ fs{s,t) is analytic for all (s, t) G U. By the property 
(i), both functions /^(s, t) and /(s, t) are analytic in U. Moreover, 
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the integral formulas for fs{s,t) and /(s,t) show that the equalities 
/<5(u + iy ■ = fs{u) and /(u + iy ■ = /(u) hold for any y G R and 
u, u + ■ 7 G t/. Therefore, both functions fs{s, t) and /(s, t) descend 
to Pc (see Remark pl7| ). Using the properties (i)-(iii), we can apply 
the residue theorem and obtain 

pi 

/(s, t) - fsis, t) = Y^ Res,=,^,/(s + z-^',t + z-^') 

for s, t G t/. We denote by U{'y) the open subset of U which is defined 
by the inequalities 

7TTV ^ /"/^n ^ ^ J,"^ e {1,... 

The open set f/(7) is non-empty, since we assume that g.c.d.{lj, Im) = 1 
for j 7^ m. Moreover, for (s,t) G f/(7), we have 
Res^=2^./(s + z ■ 7-^, t + z ■ 7-^) = 

_ 1 / (9 X''^^"^ /j(s + 2; ■ 7^)''jg(s + z ■ 7-^,t + z ■ 7-^) 



where 



Let 



and 



/(s,t) -fllfis) = g(s,t) = go(s) +gi(s,t) 
. =C(/)-A'a(,)(^^(s)), 



n?^i/r(s) 

where gols) is a uniquely determined homogeneous polynomial (see 
Remark p.9|) , go(s,t) is an analytic at function with yu(g) = /i(go) < 
/i(gi) and Xi^(^i){ip\s)) is the Af-function of the cone A(/) = ^/'^(R>q). 
We set 

Ro[^)-=— — -k — . ^i(s,t): = 



n?=i/?(s) n?=i/?(s) 

Then /i(/) = ;u(i?o) < /i(-Ri). Moreover, /i(-Ro) = (see 
Prop. |6.2|) . Define 



^o(s) := 51 Res^=2^.i?o(s + -2 ■ 7'^) 
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and 

Pi 

^i(s, t) := J2 Res,=,^.i?i(s + 2; ■ 7^ t + z ■ 7-^). 

j=i 

We claim that 

i?o(s) = C(/)-^^(,)(^^(s)), 

where X^j-^^ip^s)) is the A'-function of the cone A(/) = ?/'^(R>q). 
Indeed, repeating for X^j){ip{s)) the same arguments as for /(s,t), we 
obtain 

7^ / ^A(/)(^(s + z ■ l'))dz f ^A(/)(^(s + z ■ y))dz 

2m JRe{z)=0 2711 Jrc(z)=5 

ki 

= Res^=^^,A:'A(/)(V'(s + zj ■ 7-^)). 
i=i 

Moving the contour of integration Re{z) = 6 {6 ^ +00), by residue 
theorem, we obtain 



IRe(z) 

On the other hand 



/ XA^r){H^ + z--f'))dz = 0. 

jRe(z)=S 



(see Theorem |6.3| ). 

Consider the decomposition of / into the sum: 

/(s,t) = /5(s,t)+i?o(s)+i?l(s,t). 

By our assumption in (ii), fi{fs) > l — dimip\Tl^). By Proposition 
wehave/i(^i) > l+fi{Ri) > 2+fi{Ro) = 1-dim ^^^(R^). UsingQiii), 
we obtain that fi{f) = fi{Ro) = —dimip^ill^) and n{fs + Ri) > f^{f)- 
By |2.11| , the hnear forms 

hrn,j{s) := lrn{^ + Zj--f^) = lrn{s)-^^4^lrn{l^), (j = l,...,Pl, m j) 

and the analytic in the domain U (7) functions 

Res^=2^./(s + 2; ■ 7^t + 2; ■ 7-^), j = 1, . . . ,pi 

and 

Res^=^.i?o(s + z ■ Y), j = 1, . . . ,pi 
descend to Pc- For any j G {1, . . . let us denote 

QM= n ht:,{s). 
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It is clear that 

gJ^(s)-Res,=,^./(s + ^-7^t + ;^-7'^) 

and 

Qf{s)-Res,=,.Ro{s + z-j') 
are analytic at and <l>(s) divides each Qj{s). Hence, we obtain that 

_ pi \ PI 

fs{s, t) + ^ Res,=,^./(s + z.^^,t + z-^')]ll Qf (s) 
j=i J j=i 

and 

PI /pi \ ^'^ I. 

^o(s) n Qf (s) = E Res,=,.i?o(s + ^ • 7') n Q/ (s) 

i=i \i=i / i=i 

are analytic at 0. 

Let us define the set {/i(s), . . . ,/p(s)} as a subset of pairwise co- 
prime elements in the set of homogeneous linear forms {/i^j(s)} (m e 
{!,... ,p}, j G {1,... ,Pi}) such that there exist positive integers 
rii, ... ,np and a representation of the meromorphic functions /(s, t) 
and Rq{s) as quotients 



where g(s,t) is analytic at 0, qo{s) is a homogeneous polynomial, and 
none of the forms /i(s),... ,/^(s) vanishes for (s,t) G R>|)"' (the last 
property can be achieved, because both functions /(s,t) and i?o(s, t) 
are analytic in U and the closure of U is equal to R>o'^). 
Define 

gi(s,t) = (/5(s,t) + i?i(s,t)) ■ n/;^(s). 

Then 

g(s,t) = ^o(s) + ?i(s,t) 

where go(s,t) is a homogeneous polynomial and gi(s, t) is an analytic 
at function such that fi{q) — //(go) < Af(gi)- Moreover, 



C^(/)-'^A(/)(^'(s)), 



n?=i^r(s) 

i.e., / is good. □ 
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Definition 2.13. For any finite dimensional Banach space V over R 
wc denote by || • || a representative in the class of equivalent norms on 
V. For y — {yi, i/r) G R'' we will set 

r 

l|y|| — 

The following lemma is elementary: 

Lemma 2.14. Let V = Vi (BV2 be a direct sum of finite dimensional 
vector spaces over R, r2 is the dimension 0/ V2, and r2 > 0. Let /(x) 
be a complex valued function on V satisfying the inequality 



l/(x)| < 



c 



(1+ ||x||)'^l+'-2+2^' 

for any x = (xi, ^2) & V and some constants c,£ > 0. Let W (Z V2 be 
a locally closed subgroup such that V2/W is compact. Choose any Haar 
measure dw on W . Then there exists a constant c' > such that we 
have the estimate 



|/(xi + w)|dw< 



Iw'" ""^ ' ~ (1 + ||xi||)^i+^ 

for any Xi eVi. 

Theorem 2.15. Let /(s,t) be an analytic function for Re(s) G R>o; 
Re(t) G R>_5g {for some > 0), F C Z^~^-^ a sublattice of rank t < I 
with FrHR-^ = anc? FRnR{.y = 0. Assume that there exist constants 
e,eo > such that the following holds: 

(i) The function 

g{s,t) = si-- -57/(8,1) 

is holomorphic in the domain Re(s) G R>_£, Re(t) G R>_5o and 
C{f) := g{0) ^ 0; 

(ii) For all Si {with < Si < e) there exist a constant C{ei) > and 
an estimate 

|/(s + iy.,t + zy.)|<^^^|iL_, 

y = (y/,yj), l|y|| = l|y/|| + lly^ll, 

which holds for alls such that one of the two inequalities —e < Re(sj) < 
£1 or Re{sj) > Ei is satisfied for every j — 1, I. 
Then the integral 



1-/ /(s + iy„t + iy,)dy 



(27r)* 

is a good function with respect to F and the set of variables {si, sj}, 
and C{f) is its principal coefficient. 
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Proof. Without loss of generality we can assume that F is not contained 
in any of / coordinate hyperplanes sj = (j = 1, ...,/), otherwise we 
reduce the problem to a smaller value of /. Therefore, we can choose a 
basis 7^, ...,7* of T such that all first / coordinates of 7" = (7/,7j) € 
2^1+ J Q^j-Q Yiot equal to for every u = 1, ...,t. 

For any non-negative integer u <t we define a subgroup F^") C F of 
rank u as follows: 

r{0) _ 0; F(") := Z < 7" >, m = 1, t. 
i=i 

We introduce some auxiliary functions 

/(°)(s,t) = /(s,t); 



u 



(2v 

where dy^"-* is the Lebesgue measure on Fj^'' normalised by the lattice 
F("). Denote by P^^ = C7f[^^. By the estimate in (ii), /(")(s,t) 
is a holomorphic function in the domain (Re(s), Re(t)) G R>o'^ and 
descends to Pq^ ■ 

We prove by induction that /*^"^(s,t) is good with respect to F*^"^ C 
Z^'^'^ and {si,...,S7}. By (i), /(°)(s,t) is good. By induction as- 
sumption, we know that /("-i)(s,t) is good with respect to F^" and 
{si, s/}. Moreover, we have 

[ZTn) JRe(z)=0 

Choose 5„ > in such a way that for every j = 1,...,/ one of the 
following two inequalities is satisfied: 

-e < 5„7j < -El, or Su-fj > Si 

for some Q < Si < e. By (ii), the integral 

converges absolutely and uniformly in an open neighborhood of 0, i.e. 



IS 



the multiplicity of (s,t) is at least > 1 + rkF*^") — I. Hence it 
holomorphic at and satisfies assumption (ii) of p.l2| . By lemma |2.14| , 
the property 2.12| (iii) holds. Applying theorem \i.V2 , we conclude that 
/*^"^(s, t) is a good function with the principal coefficient g{0). □ 
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3. Fourier analysis on algebraic tori 

Let Xp be an algebraic variety over a number field F and E / F a. 
finite extension of number fields. We shall denote by Xp the E'-variety 
obtained by base change from Xp and by X{E) the set of i?-rational 
points of Xp. Sometimes we omit the subscript in Xp if the field is 
clear from the context. 

Let = Spec(F[a;, be the multiplicative group scheme over 
F. A d-dimensional algebraic torus T is a group scheme over F such 
that over some finite field extension E/F we have Tp = (Gm)'^. We 
call the minimal E with this property the splitting field of T. Denote 
by G = Gal{E/F) the Galois group of E over F. For every C- module 
A, AP stands for the submodule of elements fixed by G. For any 
field E we denote by Tp the G-module Hom(T£', G^) of i?-rational 
characters of T. If E is the splitting field of T. wc put M := Tp and 

:= Hom(M, Z) the dual G-module. We denote by t the rank of the 
lattice M^. 

Let T be an algebraic torus over a number field F. Denote by Val(F) 
the set of valuations of F and by Valoo(-^) the set of archimedian val- 
uations. Let Fy be the completion of F with respect to v e Val(F), V 
an extension of v to E, 

G^ : = Gal(^v/F^) C Gal{E/F) 

the decomposition group at v, T{F^) the group of Fj,-rational points of 
T and T{Oy) its maximal compact subgroup. We have the canonical 
embeddings 

TT, : T{F,)/T{0,) N^^ 
for all non- archimedian v e Val(F) and 

TT, : T{F,)/T{0,) ^ Ni^ 

for all V G Valoo Denote by Xy the image of Xy e T{Fy) in N'^" 
(resp. A'r") under tt^. 

Definition 3.1. We call a valuation v e Val(F) good., if the mapping 
TT^ is an isomorphism. We denote by 5" a finite subset in Val(F) con- 
taining Valoo(F) and all valuations v e Val(F) which are not good. 

Let us recall some basic arithmetic properties of algebraic tori over 
the ring of adeles A^. Define 

T\Ap) = {x e T{Ap) I n \m{xy)\y = 1, for all m e M^}. 

j;eVal(F) 

Let K.T — nj;eVai(F) T{Oy) be the maximal compact subgroup of T{Af). 
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Proposition 3.2. The groups T{Af),T\Af),T{F), Kt have the fol- 
lowing properties: 

(i) T{Af)/T\Af) ^Ni = R*; 

(ii) T^{Af)/T{F) is compact; 

(ill) T^{Af)/T{F)'Kf is isomorphic to the product a finite group 
cl{T), and a connected compact abelian group; 

(iv) w{T) = K.F n T{F) is a finite abelian group of torsion elements 
m T{F). 

Let T{0) C T(F) be the subgroup of Cir-integral points. Then T{0) 
contains w{T), and St '■= T{Of) /w{T) has a canonical embedding, as 
a discrete subgroup, into the archimedian logarithmic space 

iVR,oo= ® Ng^= @ T{F^)/T{0.). 

t^eValoo(-F) t)eValoc(-F) 

Moreover, the image of £t in A^r,oo is contained in the R-subspace 
^Roo defined as 

^R,oo := e Nn,oo\ ^i'^v) = for all m G M^}, 

t>eValoo(-F) 

and the quotient N^^^/£t is compact. 

Definition 3.3. Let T be an algebraic torus over a number field F. 
We define 

Ht := {T{AF)/T{F)y 
as the group of topological characters of T{Af) which are trivial on 
T{F). Define the group Vt as 

Vt := iT\AF)/T{F)y. 

Define the group Ut as: 

Ut := {T\AF)/T{F)KTy. 

We call the characters x ^ discrete and x ^ unramified. 

Using 2]2| (i), we see that a choice of a sphtting of the exact sequence 

1 ^ ri(A^) r(A^) ^ r(A^)/Ti(A^) ^ i 

defines isomorphisms 

iVR,oo=iV^©iV^,oo, 

and 
where 

ueValoo(F) 
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and ^ is the minimal R-subspace in Mr, containing the image 
of Ut under the canonical mapping 

iFiom now on we fix such a non-canonical splitting. This allows to 
consider Ut ClS db subgroup of Ht- By we have: 

Proposition 3.4. There is an exact sequence 

^ cr(T) ^Ut ^ Mt ^0, 

where M.t is the image of the canonical projection ofUx to and 
cl*(T) is a finite abelian group dual to cl(T). 

We see from |3]^ that a character x ^ © is determined by 



its archimedian component which is an element in Mr, oo up to a finite 
choice. Denote by y{x) ^ ^r © -^t the image of x £ Mr © in 

Mr,oo. 

For all valuations v we choose Haar measures dfiy on T{Fy) normalized 
by 

/ djj,^ = 1. 
We define the canonical measure on the group T{Af) 



u = W djj,^ 



For archimedian valuations the Haar measure dfi^ is the pullback of 
the Lebesgue measure on A^r" under the logarithmic map 



Let dx be the Lebesgue measure on T{Af)/T^{Af)- There exists a 
unique Haar measure on T^{Af) such that u = cj^dx. We define 

6(T) = / 

For any L^-function / on T{Af) and any topological character x we 
denote by /(x) its global Fourier transform with respect to uj and by 
fviXv) the local Fourier transforms. We will use the following version 
of the Poisson formula: 

Theorem 3.5. Let Q be a locally compact abelian group with Haar 
measure dg,QQ G Q a closed subgroup with Haar measure dgo- The 
factor group Q/Qo has a unique Haar measure dx normalized by the 
condition dg = dx ■ dg^. Let f : Q ^ C be an -function on Q and 
f its Fourier transform with respect to dg. Suppose that f is also an 
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-function on Qq, where Qq is the group of topological characters x 
which are trivial on Qo- Then 

/ f{x)dgo = / fix)dx, 
Jgo Jg^ 

where dx is the orthogonal Haar measure on Qq with respect to the 
Haar measure dx on Q/Qq. 

We will apply this formula with Q = T{Ap), Qq = T{F), dg = u and 
dgo is the discrete measure on T{F). The Haar measure dx induces 
the Lebesgue measure on normalized by the lattice M*^ C and 
the discrete measure on Vt- 

Definition 3.6. Let T be an algebraic torus over F and T{F) the 
closure of T{F) in T{Ap) in the direct product topology. Define the 
obstruction group to weak approximation as 

AiT) = T{Ap)/T{F). 



4. Geometry of toric varieties 

Definition 4.1. A complete regular ci-dimensional fan G-invariant S 
is a finite set of convex rational polyhedral cones in Nn satisfying the 
following conditions: 

(i) every cone a G S contains G A^r; 

(ii) every face a' of a cone o" G S belongs to S; 

(iii) the intersection of any two cones in S is a face of both cones; 

(iv) Nn is the union of cones from S; 

(v) every cone a G S is generated by a part of a Z-basis of A^; 

(vi) For any g E G and any cr G S, one has g{a) G S. 

A complete regular c?- dimensional fan E defines a smooth toric vari- 
ety as follows: 

Xt.,e =[jU,= [j Spec(E[M n a]), 

where a C Mr is the dual to a cone. We can see that Tp C U^, for all 
0" G S and that Uq = T. 

Theorem 4.2. Let T, be a complete regular G -invariant fan in A^r. 
Assume that the complete toric variety Xy,,e defined over the splitting 
field EbyHis projective. Then there exists a unique complete algebraic 
variety Xs,f over F such that its base extension to E is isomorphic to 
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Denote by E(j) the subset of j-dimensional cones in E and by A^o-,r C 
A^R the minimal hnear subspace containing o. Let {ei, ...,e„} be the 
set of 1-dimensional generators of S. Denote by PL{J]) the lattice 
of piecewise linear integral functions on N. By definition, a function 
(p e PL{T?) iff '^{N) C Z and the restriction of </? to every cone cr e E 
is a linear function; equivalently, there exist elements m„ e M such 
that the restriction of (/? to o" is given by < ■^m^ > where < ■, ■ > is 
induced from the pairing between N and M. The G-action on M (and 
N) induces a G-action on the free abelian group PL{Tj). Let 

S(l) = Si(l)U...UE^(l) 

be the decomposition of E(l) into a union of G-orbits. A G-invariant 
piecewise linear function cp e PL{T)'^ is determined by the vector 
u = (wi, ...,Ur), where Ui is the vahic of ip on the generator of some 
1-dimensional cone in the G-orbit Ej(l), (i = l,...,r). It will be con- 
venient for us to consider complex valued piecewise linear functions 
and to identify p = Pu & PL{T,)^ with its complex coordinates u = 
{ui,...,Ur)ePL{E)^. 

Theorem 4.3. The toric variety Xy: has the following properties: 

(i) There is a representation of as a disjoint union of split 

algebraic tori T^t^e of dimension dim To-^ij = d ~ dimo". For each j- 
dimensional cone a G S(j) we denote by T„^e the kernel of a homo- 
morphism Te — >■ G^^g defined by a Z-basis of the sublattice N fl N^^-^i. 

(a) The closures of {d — 1) -dimensional tori corresponding to the 1- 
dimensional cones R>oei, .... R>oe„ £ ^(1) define divisors Ti, ...,Tn- 
We can identify the lattices PL{T.) = ©^^iZ[Tj]. 
(Hi) There is an exact sequence of G -modules 

^ M PL(E) ^ Pic(Xs,E) ^ 0, 

moreover, we have Pic(X2,F) = Pic(X2,£;)'^; 

(iv) The cone of effective divisors Aeff(Xs,_F) C Pic(Xs,_F)R is gen- 
erated by the classes of G -invariant divisors 

R->oeieSj(l) 

(v) The class of the anticanonical divisor —[K-s] is given by the class 
of the G-invariant divisor 



Reiricirk 4.4. We note that for toric varieties we have Pic{X-£ p) — 
NSiXj:^F). 
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Definition 4.5. Let if G PL(E)q be a complex valued piecewise linear 
function. Let v G Val(F) be a non-archimedian valuation. Denote by 
g„ the order of the residue field of F^. For G T{Fy) we define the 
complex local height function 

Let V be an archimedian valuation. The complex local height function 
is defined as 

Remark 4.6. This provides a piecewise smooth metrization of line 
bundles on the toric variety X^. One can show that this metrization is, 
in a sense, " canonical" . Namely, an algebraic torus admits a morphism 
to itself (n-th power morphism), which extends to a compactification. 
Using the construction of Tate one can obtain a metrization on a line 
bundle by a limiting process. This metrization coincides with ours. 

Definition 4.7. Let x G T(F) C Xy,{F) be a rational point. The 
global height function is defined by 

V 

By the product formula, the function H^{x, ip) as a function on T{F) 
descends to the complexified Picard group Pic(Xs)c- Moreover, we 
have the following 

Proposition 4.8. Let Xs be an smooth projective toric variety. 
For all X G T{F) C Xs(-F) the function Hj:(t,ip) coincides with a 
classical height corresponding to some metrization of the line bundle L 
represented by a piecewise linear function ip G PL(T,)'^ . 

Let be a toric variety and if^ the height pairing. Clearly, it 
extends to a pairing T{Af) x PL(S)^ —>■ C. Moreover, it is invariant 
under the maximal compact subgroup = nt,eVai(F) 

T(a). There- 
fore, its Fourier transform Hj:{x, — s) equals zero for characters x ^ "^t 
which are non-trivial on K^. 

By ^73| , we have an exact sequence of Z-modules 

^ ^ PL{i:f Pic(Xs,F) ^ H\G, M) 0. 

It induces a surjective map of tori a : ]Yj=iRFj/F{Gm) T and a 
surjective homomorphism 

a: n G™(A^J/G^(F,)-nAF)/T(F) 

hj=i 
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Every character x ^ defines r Hecke characters xi^---^Xr of the 
groups Gm(Ai?j)/Gm(Fj) by x o a. It is known 0, that Coker(a) 
is isomorphic to the obstruction group to weak approximation A{T) 
(see |3l6|) . Similarly, every local character Xv defines local characters 
Xi,vi ■■■Xr,v If X is trivial on then all Xj ^'^^ trivial on the maximal 
compact subgroups in in Gm{-^Fj)^ in other words, all Xj are unrami- 
fied. Their local components for all valuations are given by 

V ■ ( T \ = \t \^yi-^ 

for some real Uj^v 

In the remaining part of this section we recall some estimates which 
will be used it the study of analytic properties of the height zeta func- 
tion (see 0). 

Let us consider a Hecke character x ^ (Gm(Ap')/Gm(-^))* and the 
corresponding Hecke L-function L{x,u). The following estimate can 
be proved using the Phragmen-Lindelof principle ||12|| . 

Proposition 4.9. For all e > there exists a constant Ci{e) such that 
for all unramified x one? all u with Re(u) > 1 + e 

For all e > there exists a 6 > such that for all unramified x o,nd all 
u with Re(M) contained in any compact K in the domain < |Re (m) — 
1| < 5 there exists a constant c(K,£:) depending only on K and e such 
that 

|L(x,w)|<c(K,£)(l + |Im(w)| + |||/(x)||r- 



Let T be an algebraic torus and x ^ an unramified character. 
Denote by Xv its local components and by Xii---iXr the induced un- 
ramified Hecke characters of Gm(Aj?.). 

Definition 4.10. Define 

riii^ValocCF) Ht,,v{Xv, — u) 



C/m(X, -U) 



11^=1 ^F,(Xj,Mj) 

where for every field Fj we denoted by LF.{xj,u) the standard Hecke 
L-function of Fj. For any x ^ we define 

Coo(x, u) := C/m(x, -u) ■ n H^AX, -u). 
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Proposition 4.11. ||2| For every 6q > there exist constants < 
ci < C2 such that for any u with Re(u) G R!^^^2+5o ^'^^ ^'^^ x we 
have 

Cl < |C/m(X, -U)| < C2. 

Proposition 4.12. Lei x ^ an unramified character and 

y{x) image in Mr^oo- -^or a//5o > there exists a constant c{5q) such 
that for any u in the domain Re(u) G R!^]^/2+(5o '^^ have the following 
estimate 

L.vS(^)^'"^'''~"^' - (1 + Ib(x)ll + Pm(u)|ir*+^' 
where p + t is the dimension of the real vector space Mr^oo- 

Corollary 4.13. For any 5q > 0, there exists a constant c{6o) such 
that for any x ^ one? any u in the domain Re(u) G IC^-^^^2+So 
have the following estimate: 

c{5o) 



|Coo(X,u)| < 



(l + ||y(x)|| + ||Im(u)||) 



p+t+i ■ 



5. Analytic properties of height zeta functions 

Definition 5.1. Let be a smooth projective toric variety. Let ip = 
ipu G PL(S)c be a complexified piecewise linear function. Let Y C Xs 
be a locally closed subset. The height zeta function with respect to Y 
is defined as 

Z^{Y,u)= ^e(x,-u). 

x£Y{F) 

Let us formulate the first main result. 

Theorem 5.2. [|| The height zeta function Zs(T, u) as a function on 
PL(S)q is holomorphic for Re(u) G R>i. Moreover, it descends to 
Pic(Xs)c one? is holomorphic for Re(u) contained in the open cone 

Theorem 5.3. (Poisson formula) p|, ^ For all u with Re(s) G R^^ 
we have the following formula: 

The integral converges absolutely and uniformly to a holomorphic func- 
tion in u in any compact in the domain Re(u) G R>i. 
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Let £ be a line bundle on X^, metrized as above, such that its class [L] 
is contained in the interior of the cone of effective divisors Aeff(Xs) C 
Pic(Xs). We have defined a{L) as 

a{L) inf{a e R | a[L\ + [K^] e Ks{X^)}. 

By our assumptions, we have a{L) > 0, since — [-f^s] ^ ^cff("^s)- De- 
note by A(L) the face of maximal codimension of the cone Aeff(Xs) 
which contains a{L)[L] + [K^]. 

Let J(L) C [1, r] be the set of indices such that [Dj] e A(L) for j e 
J(L) and /(L) = [1, r]\ J(L). We set I = and J = |J(L)| = 

r — I. Without loss of generality, we assume that I{L) = {!,... , /} 
and J{L) = {/+!,... , r}. Since a{L)[L] + [K-s] is an interior point of 
A(L) it follows that there exists a representation 

a{L)[L] + [K,:] = ^ X,[D,], 
where Xj e Q>o- Therefore, 

Fix these Xj and choose £ > such that 2e < T[n.VLj^j(^L)Xj. We 
denote by LpL the piecewise linear function from PL(S)^ such that 
a{L)LpL{ei) = 1 for z = 1, . . . , / and a{L)LpL{ej) = \ + Xj for j G 
Here Cj are generators of one- dimensional cones R>oei in the G-orbits 

We introduce the lattice 

Mj ^ {m e M\ <e,m>^0 for R>oe e U-=iEi(l)}. 
Define Mj = M/Mj. The following diagram is commutative 

i i 

i i 
0^ ^ e,g,(^)Z[G,]. 

The exact sequence of G-modules 

induces the exact sequence of algebraic tori 

1 ^ Tf ^ T ^ Tj ^ 1. 

It will be convenient to introduce new coordinates s = (<Si)jg/(L), t = 
{tj)j£j{L) on PL(E)g, where Si = Ui-1 {i = 1, . . . , I), tj = ui+j-l + e 
{j — 1, . . . , J). We shall write (s, t) = (si, s/, ti, tj). 
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Theorem 5.4. The height zeta function Zy.{T, s, t) is good with respect 
to the lattice Mf and variables {si, s/} in the domain Re(s) G R>oj 
Re(t) G R.>-<5(, for some positive 5q < e. 

Proof. Recall that Zy.{T, u) has the following integral representation 
in the domain Re(u) G R>]^ ( |5.3|) : 

Using the explicit computation of the Fourier transform of local height 
functions and the absolute convergence of the integral in the domain 
Re(u) G R>i, we have 

because the local height functions are invariant under the maximal 
compact subgroups T{Oy) C T(F^) and HjiiXi ~u) = for all x which 
are not trivial on the maximal compact subgroup K^. By 4.1U| , we 
have: 

r 

-^s(x, -u) = n L{Xj,Uj) X Coo(x, u), 
i=i 

where are unramified Hecke characters of G^(Ai?.) induced 

from a character x ^ ^t, and Coo(x, u) is a function in u which is 
holomorphic in the domain Re(u) G RZ^-^^2+So (^°^ (^o > 0). 
We have 

Zs(r,s,t)= ] f /s(s-zy,,t-zyj)dy^ 

where 

/s(s,t):= J2 n + X 6s(x,s,t) 

XGWt iG/(L) 

&s(x,s,t) = 

= / G n + l + X Coo(x,s-zy/,t-iyj))dy'^, 

•^^J,R J(L) 

dy^ is the Lebesgue measure on Mf'-^ and dy"^ the Lebesgue measure 
on Mf^^. 

Using the estimates p.l4| , ^4.12| , ^l9| , |4.13| , we see that the sums and 
integrals above converge absolutely and uniformly to an analytic func- 
tion in any compact in the domain Re(s) G R>o and Re(t) G R>_5o 
for some Sq > {Sq < e). Now the fact that the function Zs(T, s,t) is 
good with respect to the lattice Mf C and the variables (si, sj) 
follows from |2.15| and the following statement: 
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Theorem 5.5. 

limsi ■ ■ ■ s//s(s,0) 

s^O 

exists and is not equal to zero. 

We divide the proof of Theorem |5.5| into a sequence of lemmas: 

Lemma 5.6. LetUxil) be the subgroup o/Ut consisting of characters 
X G l^T such that the corresponding Hecke characters Xi = 1, • • • , /) 
are trivial. Denote 

/|(s,t)= n ^F,te,s. + l)6s(x,s,t). 

xeUT{i)iei{L) 



Then 



lim si ■ ■ ■ s//s (s, 0) = lim si ■ ■ ■ s//s (s, 0) . 



Lemma 5.7. (Poisson formula) For Iie{s,t) G R{^qXR^_^^, one has: 

/|(s,t)= / Hj:{x,{-s,~t))da, 
where the subgroup A C T{Ap) is defined as 



A := T{F)Ti{F). 

Proof. By definition of /^(s,t), we conclude that this function 
equals to the integral of the Fourier transform of the adelic height 
function over the subgroup of characters x of T{Af) which are trivial 
on T{F) and such that the induced Hecke characters Xi trivial for 
i G I{L). It follows from the diagram 

U^eIiL)Gm{^FJ/GUF^) ^ T,(A^)/T,(F) ^ A{Tj) ^0 
ni=,GUAF^)/GUF,) ^ T{Af)/T{F) A{T) ^0 

n,gj(i) G^(A^J/G™(F,) ^ Tj{Af)/Tj{F) ^ A{Tj) ^0. 



that the common kernel of all such characters is T{F)Tj{F) (here we 
used the isomorphism A{Tj) = Ti{Af)/Ti{F)). The proof of the ab- 
solute convergence of the integral over A in the domain Re(s,t) G 
R{,q X R>_5„ is analogous to the proof of theorem 4.2 in □ 

Lemma 5.8. The function 

si- ■ ■sifl{s,t) 

extends to an analytic function in the domain Re(s, t) G R^.^^^. 
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Proof. The proof is similar to the proof of theorem 4.2 in P]. The 
integral 

/ (— s, — t))(ia 

J A 

can be estimated from above by an Euler product which is absolutely 
convergent in the domain Re(s,t) G R'>_5„ times a product of zeta 
functions lli=i (Piisi + 1). □ 
For (s,t) G R'' the function H^{x, (— s, — t)) has values in positive real 
numbers. Therefore, to prove the non- vanishing of the constant, it 
suffices to show the following: 

Lemma 5.9. The value of 

si • • • s/ / HY;ix, (-S, -t))dai 

JTi{F) 



at (0, 0) is positive. Here daj is the induced Haar measure on Ti{F) 

Proof. For some finite subset S C Val(F), we can split the group 
Tj{F) into the direct product 

TKF)^ X Tj{Af,s), 



where Tj{F)g is the image of Tj{F) in the finite product Hves'^ii^v) 
and 

r,(A,.,5)=T,(A^)nn^/(^.)- 

Hence, 

/ Hj:{x, (-S, -t))daj = 

JTi{F) 

= / Hj:{x,{-s,-t))das X TT / Hj:^{x,{-s, -t))da^. 

Here we denoted by das and da^ the Haar measures induced from daj. 
We claim that 

n Crlisi + 1) n / (-s, -t))da,. 

is an absolutely convergent Euler product for Re(s,t) G R>„5^. This 
statement follows from the explicit calculation of the local integrals 
(seeCT)- 

Lemma 5.10. For all good valuations v ^ 5*, the local integral 
/ Hj^A^^ -t))day = n n CF„v(si + 1) (l + o(g^ 

•^'^li^v) i=lV\v 

for some eo > and all Re(s,t) G R'>_5(, 



,-l-eo' 
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Proof. Denote by A^r(/) the minimal R-subspace of spanned 
by all e with R>oe contained in the set of 1-dimensional cones in 
Uiej-(L)Ej(l). Let S(L) be the complete G- invariant fan of cones in 
N-r{I) which consists of intersections of cones in S C N-r with the sub- 
space A^r(/). Since T,{L) is not necessary a regular fan, we construct a 
new G- invariant fan by subdivision of cones in into regular 
ones using the method of Brylinski |Q . This reduces the computation 
of the local intergral to the one made for local height functions on 
smooth toric varieties in 0, theorem 2.2.6. 

Let ai,...,an be the set of representatives of G^-orbits in the set of 
1-dimensional cones in C A^r(/). We obtain 



/ Hj:^{x^,{-s,-t))day 

JTi{F^) 



i=i V qv ' 

where /o-(s, t) are linear forms which are > 1 — Eq m the domain 
Re(s, t) e R!^_5^, and (5f;(^)(z) is a polynomial in the variables z = 
{zi^.-.^Zfi) such that all monomials in (5s(j^)(z) — 1 have degree > 2. 
Now we notice that /(j(0, 0) = 1 iff a is a 1-dimensional cone in E and 
therefore, the cone R>oej for some i G I{L) is contained in the Gt,-orbit 
of a (see |CT|). □ 



Lemma 5.11. The set of lattice vectors e & N such that a{L)ipi{e) = 
1 coincides with the set of lattice vectors Ci G iVR,(/) with R>oei G S(l) 
and a{L)ipi{ei) = 1. 

Proof. Let e be a lattice point in A^. Since S is complete, there 
exists a d-dimensional cone a G S such that e G cr. We claim that the 
property a{L)ipL{e) = 1 implies that e is a generator of a 1-dimensional 
face of a. Indeed, we have a{L)ipL{x) > (pj]{x) for all x G A^r. On the 
other hand, cr is generated by a basis of and v^s has value 1 on these 
generators. Hence, e must be one of the generators of a. 

It remains to show that the property a{L)ipL{ei) = 1 for some genera- 
tor Ci of a 1-dimensional cone R>oej G S implies that Ci G A^r(L). But 
this follows from the definition of A^r(L) as the subspace in A^r gener- 
ated by all elements G A^ such that R>oei G S and a{L)(fL{ei) = 1. 
□ 



Theorem 5.12. There exists a 6 > such that the zeta function 
Zy;(T,C,s) obtained by restriction of the zeta function ^^(T, s) to the 
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complex line s[L] G Pic(X2)c hcis a representation of the form 

eas) his) 

Zy:{T, C, S) = ^rwMT) + 



with some function h{s) which is holomorphic in the domain Re(s) > 
a(L) — 6 and a nonzero constant 0£(S). 



6. Appendix: Af-PUNCTioNS of polyhedral cones 

Let {A, An, A) be a triple consisting of a free abelian group A of 
rank k, a fc-dimensional real vector space An = A R containing A 
as a sublattice of maximal rank, and a convex /c- dimensional finitely 
generated polyhedral cone A C Ar such that An— A = G Ar. Denote 
by A° the interior of A and by Aq = A°+iAR the complex tube domain 
over A°. Let (A*,Aj^,A*) be the triple consisting of the dual abelian 
group A* = Hom(A, Z), the dual real vector space Aj^ = Hom(AR, R), 
and the dual cone A* C Aj^. We normalize the Haar measure dy on 
A^ by the condition: vol(A;^/A*) = 1. 

Definition 6 A. The X -function of A is defined as the integral 

Aa(s) = / e-^^'^My, 

J A* 

where s G A^. 



Proposition 6.2. One has X\{s) is a rational function 

P(s) 



Aa(s) 



Q(s)' 



where P is a homogeneous polynomial, Q is a product of all linear 
homogeneous forms defining the codimension 1 faces of A, and degP — 
degQ = -k. In particular, z/(A, Ar,A) = (Z^, R'', R>o), then 

Xa{s) = . 



Proposition 6.3. Let (A, Ar,A) and (A, Ar,A) be two triples as 
above. A; = rkA and k = rkA, and ip : A —>■ A a homomorphism 
of free abelian groups with a finite cokernel CokeT{ip) (i.e., the cor- 
responding linear mapping of real vector spaces ip : Ar Ar is 
surjective), and ip{A) = A. Let T = Kerip C A, dy the Haar measure 
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on = r ® R normalized by the condition vol(rR,/r) = 1. Then for 
all s with Re(s) G A° the following formula holds: 

where |Coker(?/')| is the order of the finite abelian group Cokerlip). 

Assume that a /c-dimensional rational finite polyhedral cone A C An 
contains exactly r one-dimensional faces with primitive lattice genera- 
tors ai, . . . ,ar & A. We set k := r, A := 71 and denote by il) the natu- 
ral homomorphism of lattices TI —* A which sends the standard basis 
of Z*" into Oi, . . . , Or G A, so that A is the image of the simplicial cone 
R>o C R'^ under the surjective map of vector spaces : W —>■ Ar. 
Denote by F the kernel of tp. By |6.3| we obtain the following: 



Corollary 6.4. Let s = (si, Sr) be the standard coordinates in 
Then 



Mm) (2^).-/c|Coker(V^)| ir, U,=iA^, + 

where dy is the Haar measure on the additive group Fr normalized by 
the lattice F, yj are the coordinates of y in R'^, and |Coker('?/')| is the 
index of the sublattice in A generated by 
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